Controlling Rough Paths 



M. Gubinelli 

Abstract. We formulate indefinite integration with respect to an irregular function as 
an algebraic problem which has a unique solution under some analytic constraints. This 
allows us to define a good notion of integral with respect to irregular paths with Holder 
exponent greater than 1/3 (e.g. samples of Brownian motion) and study the problem 
of the existence, uniqueness and continuity of solution of differential equations driven 
by such paths. We recover Young's theory of integration and the main results of Lyons' 
theory of rough paths in Holder topology. 



1. Introduction 

This work has grown out from the attempt of the author to understand the integration 
theory of T. Lyons jJl Ej which gives a meaning and nice continuity properties to integrals 
of the form 

ft 

{ipiXu),dXu) (1) 



where ip a differential 1-form on some vector space V and t Xt is a. path in V not 
necessarily of bounded variation. From the point of view of Stochastic Analysis Lyons' 
theory provide a path-wise formulation of stochastic integration and stochastic differential 
equations. The main feature of this theory is that a path in a vector space V should not 
be considered determined by a function from an interval / C M to V but, if this path is 
not regular enough, some additional information is needed which would play the role of 
the iterated integrals for regular paths: e.g. quantities like the rank two tensor: 

7-2, fiu 



xir = / / dxi^dx: (2) 

J s J s 

and its generalizations (see the works of K.-T. Chen |10j for applications of iterated in- 
tegrals to Algebraic Geometry and Lie Group Theory). For irregular paths the r.h.s. of 
eq. (121) cannot in general be understood as a classical Lebesgue-Stieltjes integral however 
if we have any reasonable definition for this integral then (under some mild regularity 
conditions) all the integrals of the form given in eq. can be defined to depend continu- 
ously on X, and ip (for suitable topologies). A rough path is the original path together 
with its iterated integrals of low degree. The theory can then be extended to cover the 
case of more irregular paths (with Holder exponents less than 1/3) by a straightforward 
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but cumbersome generalization of the arguments (the more the path is irregular the more 
iterated integrals are needed to characterize a rough path). 

With this work we would like provide an alternative formulation of integration over 
rough paths which leads to the same results of that of Lyons' but in some extent is simpler 
and more straightforward. We will encounter an algebraic structure which is interesting 
by itself and corresponds to a kind of finite-difference calculus. In the original work of 
Lyons [7j roughness is measured in p- variation norm, instead here we prefer to work with 
Holder-like (semi)norms, in SeclHlwe prove that Brownian motion satisfy our requirements 
of regularity. In a recent work Friz j3] has established Holder regularity of Brownian rough 
paths (according to Lyons' theory) and used this result to give an alternative proof of the 
support theorem for diffusions. This work has been extended later by Friz and Victoir [1] 
by interpreting Brownian rough paths as suitable processes on the free nilpotent group of 
step 2: regularity of Brownian rough paths can then be seen as a consequence of standard 
Holder regularity results for stochastic processes on groups. 

We will start by reformulating in Sec. |21the classical integral as the unique solution of 
an algebraic problem (adjoined with some analytic condition to enforce uniqueness) and 
then generalizing this problem and building an abstract tool for its solution. As a first 
application we rediscover in Sec. El the integration theory of Young which was the 
prelude to the more deep theory of Lyons. Essentially, Young's theory define the integral 



when / is 7— Holder continuous, g is p— Holder continuous and 7 + p > 1 (actually, the 
original argument was given in term of p- variation norms). This will be mainly an exercise 
to familiarize with the approach before discussing the integration theory for more irregular 
paths in Sec. lU We will define integration for a large class of paths whose increments are 
controlled by a fixed reference rough path. This is the main difference with the approach 
of Lyons. Next, to illustrate an application of the theory, we discuss the existence and 
uniqueness of solution of ordinary differential equation driven by irregular paths (SecEj). 
In particular, sufficient conditions will be given for the existence in the case of 7-Holder 
paths with 7 > 1/3 which are weaker than those required to get uniqueness. This point 
answer a question raised in Lyons [7|. In Sec. IHlwe prove that Brownian motion and the 
second iterated integral provided by Ito or Stratonovich integration are Holder regular 
rough paths for which the theory outlined above can be applied. Finally we show how to 
prove the main results of Lyons' theory (extension of multiplicative paths and the existence 
of a map from almost-multiplicative to multiplicative paths) within this approach. This 
last section is intended only for readers already acquainted with Lyons' theory (extensive 
accounts are present in literature, see e.g. O IH]). 
In appendix El we collect some lengthy proofs. 



Consider the following observation. Let / be a bounded continuous function on M 
and X a function on M with continuous first derivative. Then there exists a unique couple 




'u 



2. Algebraic prelude 
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a, r) with a E C (M), Qq = and r G C{W) such that 

fs{xt - a;s) = at - as - r^t (3) 



and 



hm = 0. (4) 



t^s \t - 

This unique couple (a, r) is given by 

at = y r^t = J^{f^- fs)dxu. 

The indefinite integral / /dx is the unique solution a of the algebraic problem 
with the additional requirement (jH) on the remainder r. Since the eq. (jHl) make sense for 
arbitrary functions /, x it is natural to investigate the possible existence and uniqueness 
of regular solutions. This will lead to the generalization of the integral J fdx for functions 
X not necessarily of finite-variation. 

2.1. Framework. Let C the algebra of bounded continuous functions from M to M 
and QCn {n > 0) the subset of bounded continuous functions from R"+^ to M which 
are zero on the main diagonal where all the arguments are equal, i.e. R G QCn implies 
Rti...t„ = if ti = t2 = ■ ■ ■ = tn ■ In this paper we will call elements from QCn (for 
any n > 0) processes to distinguish them from paths which are elements of C. The 
vector spaces flCn are C-bimodules with left multiplication (Ai?)^^...^^^^ := At-^Bt^...t^^^ 
and right multiphcation {BA)t^...t^^^ := At^^^Bt^...t^^^ for all (ti, . . . G AeC 

and B G f2C„. Moreover if A G nC„ and B G VtCm it is defined their external product 
AB G VLCra+n-i as {AB)t^...t^^^_^ = At^...t,^Bt^...t^^^_^. In the following we will write VtC 
for VlCi. 

The application 5: C ^ VlC defined as 

{5A),t := At - A, (5) 

is a derivation on C since 8^AB) = A5B + 5AB = B6A + 6BA. 
Let flC^ be the subspace of elements X G QC such that 

ii\-ii / 
\\X \\^ := sup 1 — < oo 

and let C' be the subspace of the elements A E C such that < oo. 

Define JlCg'^ as the subspace of elements X of QC2 such that 

I Y I 

A := sup — < 00 

{s,u,t)m^ \u - s\p\t - up 

Let QC2 '■= (Bp>o^C2^~^: an element A G f2C| is a finite linear combination of elements 
Ai G QC^^'"'^' for some pi G (0, z). 

Define the linear operator : QC —>■ QC2 as 

{NR)sut '■= Rst — Rut — Rsu- 

and let Z2 := N{nC) and Z| := fiC| H ^3. 
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We have that KerA^ = lm6. Indeed N6A = for all A G C and it is easy to see that 
for each R G ilC such that NR = we can let = R^q to obtain that 6A = R. 
If F G C and R e QC then a straightforward computation shows that 

N{FR)sut = F,N{R)sut - 5F,^Rut = {FN{R) - SFR)sut; 

iV(i?F),,„i = FiiV(/?),„i + R^JF^t = {N{R)F + RSF),^^. ^ ^ 

These equations suggest that the operators 6 and enjoys remarkable algebraic prop- 
erties. Indeed they are just the first two members of a family of linear operators which 
acts as derivations on the modules flCk, k = 0, 1, . . . and which can be characterized as 
the coboundaries of a cochain complex which we proceed to define. 

2.2. A cochain complex. Consider the following chain complex: a simple chain of 
degree n is a a string [tit2 ■ ■ ■ tn] of real numbers and a chain of degree n is a formal linear 
combination of simple chains of the same degree with coefficients in Z. The boundary 
operator d is defined as 

n 
i=l 

where ti means that this element is removed from the string. For example 

d[st\ ^-[t] + [s], d[sut\ = -[su] + [ts] - [ut]; 

It is easy to verify that dd — 0. To this chain complex is adjoined in a standard way a 
complex of cochains (which are linear functionals on chains) . A cochain A of degree n is 
such that, on simple chains of degree n, act as 

{[ti---tn],A) ^At,...t„; 

The coboundary d* acts on cochains of degree n as 

{d*A)t,...t^^, = {[h---tn+l],d*A) = {d[ti---tn+l],A) 

n+1 n+1 /a\ 

= E(-i)^(^[^i --tn+iiA) = Y.i-^yA.-u-t.+. 

i=l i=l 

e.g. for cochains A, B of degree 1 and 2 respectively, wc have 
{d*A),t = A,- A, {d*B)sut = B^t B.,t 

so that we have natural identifications of d* with —6 when acting on 1-cochains and with 
N when acting on 2-cochains. We recognize also that elements of {QCq = C) are 

n-cochains and that we have the following complex of modules: 

-^R^C ^QC ^QC2 ^nC3 ^ ■■■ 

As usual d*d* = which means that the image of d*\Qc„ is in the kernel of d*\Qc„+i- 
Since KerA = ImS the above sequence is exact at QC. Actually, the sequence is exact at 
every QCn- let A an n + 1-cochain such that d*A — 0. Let us show that there exists an 
n-cochain B such that A — d*B. Take 
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where s is an arbitrary reference point. Then compute 

= {-ir^'[-At,-tr.,,s + >1mv..wi3 + • • • + i-^r'A^-tj 

As an immediate corollary we can introduce the operator N2 : flC2 such that 

A''2 := d*\nc2 characterize the image of N as the kernel of N2. Note that, for example, 
A'2 satisfy a Leibnitz rule: if A,B ^ ^€2, 

N2{AB)suvt = d*{AB)suvt = -{AB)uvt + {AB)s,t - {AB)sut + {AB)suv 

AuV-Byt AguB^l AguB^l -\- Agy^Buy 

= {NA)g^,B,t - Ag^{NBUt 

= {NAB - ANB)suvt 

To understand the relevance of this discussion to our problem let us reformulate the 
observation at the beginning of this section as follows: 

Problem 1. Given two paths F,XECisit possible to find a (possibly) unique 
decomposition 

FSX ^SA-R (10) 

where A eC and Re9.C? 

To have uniqueness of this decomposition we should require that 6A should be (in 
some sense) orthogonal to R. So we are looking to a canonical decomposition of QC ~ 
SC (B B where i3 is a linear subspace of QC which should contain the remained R. This 
decomposition is equivalent to the possibility of splitting the short exact sequence 

^ C/R QC ^ Z2 0. 

We cannot hope to achieve the splitting in full generality and we must resort to consider 
an appropriate linear subspace £ of QC which contains 6C and for which we can show that 
there exists a hnear function Ag : N£ — > £ such that 

NAe = Ins- 
Then Ag splits the short exact sequence 

^ C/R ^ £ ^ N£ ^0 



which implies £ = 6C (B N£. 

In this case, if F5X e £ we can recover 5A as 

5A = F5X - K£N{F5X). (11) 

To identify a subspace £ for which the splitting is possible we note that 

Im5 n QC = {0} 

for all 2; > 1, indeed, if X — 5A for some A & C and X e QC^ then A & which implies 
A = const if ^ > 1. 

Then we can reformulate the algebraic characterization of integration at the beginning 
of this section as the following problem: 
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Problem 2. Given two paths F, X & C is it possible to find A ^ C and R G QC^ for 
some z > 1 such that the decomposition 

F5X = 6A- R (12) 

holds? 

Note that if such a decomposition exists then it is automatically unique since if F6X = 
6A' - R' is another we have that R - R' = 8^A - A') but since R - R' e ilC' n ker we 
get R = R' and thus A = A' modulo a constant. 

That Problem 121 cannot always be solved is clear from the following consideration: let 
F = X and apply to both sides of eq. (fT^ to obtain 

^XsudXut = —NRsut 

for all G Then 

SXstSXst = —NRtst = Rst + Rst 
for all {t, s) G M^. Now, if i? G nC^ with z>l then 

\6X.,t\\6X,t\<2\\R\\,\t-s\\ (13) 

which implies that X G C^^^. So unless this last condition is fulfilled we cannot solve 
Problem (fT^ with the required regularity on R. 

A sufficient condition for a solution to Problem [21 to exists is given by the following 
result which states sufficient conditions on A G QC2 for which the algebraic problem 

NR = A 

has a unique solution R G QC/SC. 

2.3. The main result. For every A G 2| with z > 1 there exists a unique R G QC^ 
such that NR = A: 

Proposition 1. If z > 1 there exists a unique linear map A : 2| — QC^ such that 
NA = o-nd such that for all A & Z2 we have 

1 " 

W^Mz < 2^ _ 2 ^ II II Pi, 2:-pi 
j=l 

if A = J2^=i '^'^^^ n > 1, < Pi < z and Ai G i7C2''^ for i = 1, . . . ,n. 

2.4. Localization. If / C J denote with A\j the restriction on / of the function A 
defined on J. 

The operator A is local in the following sense: 

Proposition 2. If I cR is an interval and A,B e with z > 1 then 

A\i3 = B\j:i =^ AA\j2 = AB\j2 

Proof. This follows essentially from the same argument which gives the uniqueness 
of A. Indeed if Q = AA — AB we have that NQ = A — B which vanish when restricted 
to P. So for {t, s) G t < M < s we have 

ut Qst Qsu 



CONTROLLING ROUGH PATHS 



7 



but since Q G VtC^ with z > 1 we get Q\i2 = 0. □ 
Given an interval / = [a, 6] C M and defining in an obvious way the corresponding 
spaces C'>'(/), etc. ..we can introduce the operator A/ : ^|(/) QC^{I) as 

A/y4 := Ay4|/2 where A G 2| is any arbitrary extension of the element A G ^ll-^)- 
locality of A any choice of the extension A will give the same result, moreover the specific 
choice Asut '■= AT-(^t-^^T-(^u),T{s) where r(t) := (t A 6) V a has the virtue to satisfy the following 
bound 

II 4 -11 < II 4 .11 

\\^l\\pi,Z-pi ^ \\^l\\pi,Z-pi,I 

where || ■ ||p.,2_p.,/ is the norm on f2C|(J) and A = Ai is a decomposition of A in f2C|(J) 
so that we have ^ 

||A/A||^_/ < 2^ _ 2 X] 

i 

We will write A instead of Aj whenever the interval / can be deduced from the context. 

2.5. Notations. In the following we will have to deal with tensor products of vector 
spaces and we will use the "physicist" notation for tensors. We will use V,Vi,V2, . . . to 
denote vector spaces which will be always finite dimensional^. Then, if is a vector 
space, A & V will be denoted by A^, where /i is the corresponding vector index (in an 
arbitrary but fixed basis), ranging from 1 to the dimension of V, elements in V* (the linear 
dual of V) are denoted by A^ with lower indexes, elements in V <^V will be denoted by 
A^*^, elements of V^^ ® V* as A^'', etc. . . Summation over repeated indexes is understood 
whenever not explicitly stated otherwise: A^B'^ is the scalar obtained by contracting 
AeV* with B eV. 

Symbols like . . . (a bar over a greek letter) will be vector multi-indexes, i.e. if 
yU = (/ii, . . . , fin) then A'^ is the element ^Mi.---:/^n Qf y^n^ Given two multi-indexes ft and 
u we can build another multi-index /2z/ which is composed of all the indices of fl and u 
in sequence. With |/2| we denote the degree of the multi-index /i, i.e. if /i = (/xi, . . . ,/i„) 
then 1/2 1 = n. Then for example |/iz/| = + By convention we introduce also the 
empty multi-index denoted by such that fl(/} = (/}fi = fl and |0| = 0. 

Symbols like C{V), flCiV), C{I, V), etc. . . (where I is an interval) will denote paths 
and processes with values in the vector space V. 

Moreover the symbol K will denote arbitrary strictly positive constants, maybe dif- 
ferent from equation to equation and not depending on anything. 

3. Young's theory of integration 

Proposition ^ allows to solve Problem |21 when F G C^, X G with 7 + p > 1: in this 

case 

N{F5X),^t = -5F,JX^t 

so that N{F6X) G Z^^^. Then since N{F6X - AN{F6X)) = there exists a unique 
A E C (modulo a constant) such that 

6A = F6X - AN{F5X). 

^In many of the arguments this will be not necessary, but to handle infinite-dimensional Banach 
spaces some care should be excercized in the definition of norms on tensor products. We prefer to skip 
this issue for the sake of clarity. 
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Proposition 3 (Young). Fix an interval ICR. If F e 0^(1) and X e C"'{I) with 
7 + p > 1 define 

^ F^dX^ := [F5X - KN{F5X)]^^ , s,tel. (14) 



Then we have 



t 

(Fu - Fs)dXu 



^ ^TfTir^l^ - sr^1l^llp,/ll^ll7,/, s,tel. (15) 



St 



Proof. Is immediate observing that by definition 

[ {Fu - Fs)dX, = -[kN{F5X)]st = [k{5F5X% 

J s 

and using the previous results. □ 

Another justification of this definition of the integral comes from the the following con- 
vergence of discrete sums which also establish the equivalence of this theory of integration 
with that of Young. 

Corollary 1. In the hypothesis of the previous Proposition we have 
I F^dXu = hm Fu{Xu^.-Xu), s,tel 

where the limit is taken over partitions U = {to,ti, . . . of the interval [s,t] C / such 
that to = s,tn = t, > ti, |n| = supj |tj+i — ti\. 

Proof. For any partition 11 write 

n— 1 n— 1 n— 1 

Su = Y.F,XXu^,-X,:) = Y,{F5X\^,^^, = Y,{8A + R\,^^, 

j=0 i=0 i=0 

with R e nC^+P{I) given by i? = A{6F6X) and such that (cfr. Prop. EJ: 
Then 

n—l „f n—1 

Sn = A-As-Y, Ruu^, = / F^dX^ - Rt^^^,. (16) 

1=0 1=0 

But now, since 7 + p > 1, 

n— 1 n—l 
i=0 i=0 

as|n|->0. □ 
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4. More irregular paths 

In order to solve Problem ^ for a wider class of F and X we are led to dispense with 
the condition R G VtC^ with z > 1 and thus loose the uniqueness of the decomposition: if 
the couple {A, R) solve the problem, then also {A + B,R + 6B) solve the problem with a 
nontrivial B G C^. So our aim is actually to find a distinguished couple {A, R) which will 
be characterized by some additional conditions. 

Up to now we have considered only paths with values in M, since the general case of 
vector-valued paths can be easily derived however in the case of more irregular paths the 
vector features of the paths will play a prominent role so from now on we will consider 
paths with valued in (finite-dimensional) Banach spaces V^,Vi,. . . 

Let X e C^CV) a path with values in the Banach space V for some 7 > and assume 
that we are given a tensor process in QC'^'^ {V^"^) such that 

N{X'^'^"') = SX^'SX". (17) 

If 7 < 1/2 we cannot obtain this process using prop. Q but (as we will see in Sec. E]) 
there are other natural ways to build such a process for special paths X. We can think 
at the arbitrary choice of among all the possible solutions (with given regularity 27) 
of eq. (fTTj) as a way to resolve the ambiguity of the decomposition in Problem [H since in 
this case 

and so we are able to integrate any component of X with respect to each other and we 
can write 

f XlidX: = 61^,"^ 

J s 

meaning that the integral on the l.h.s. is defined by the r.h.s., definition which depends 
on our choice of X^. Of course in this case Corollary^ does not hold anymore and discrete 
sums of X6X are not guaranteed to converge to / XdX. 
Note that in the scalar case the equation 

X6X = 51 -R 

with X E C has always a solution given by It = X^ /2 + const for which 

5ht = \xl - hil = ^XtiXt - X,) + lx,(X, - X,) = XJXst + liSXstf 

giving the decomposition 61 = X6X + R with R G QC'^'^ . The same argument works 
for the symmetric part of the two-tensor X^: If X G C^{V) there exists a two-tensor 
S G nC^^iV^V) given by 

s^t = l^xx 

for which 

NS^"" = ^{6X^'6X'' + SX^SX^"). 
of course S is not unique as soon as 7 < 1/2. 
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Since one of the feature of the integral we wish to retain is hnearity we must agree that 
if A is a hnear apphcation from to and Y^^ = A'^X^ then the integral SI = J YdX 
must be such that 

Y^'SX" = A'^X'^dX" = 61^"" - A'pi'^'^" 

so 

and we have fixed at once the values of all the integrals of linear functions of the path X 
w.r.t. X. Then consider a path Y which is only locally a linear function of X, i.e. such 
that 

(T'^ = CJX^ + (18) 

where Q is a "remainder" in VtCiy) and G is a path m C{y ®V*). In order to be able to 
show that Y is integrable w.r.t. X we must find a solution R of the equation 

NR^''' = SY^^dX". 

but then, using the local expansion give in eq. (fT^ . 

NR"'' = G^^JX^'dX" + Q^'dX'' 

= Ci^NiX^'^") + Q^SX" 

where we have used eq. © (the Leibnitz rule for N). To find a solution R is then 
equivalent to let 

R^"" = R^"" - C^X^'^" 

and solve 

A^^ = (JG^^X^'"'^ + Q^'dX". (19) 

Sufficient conditions to apply Prop. [T] to solve eq. (fT^ are that G G C^'^^iV ® V*), 
Q G QC^iy) with T] + 'J = z > 1. In this case there exists a unique R G QC^ solving (fT^ 
and we have obtained the distinguished decomposition 

Y^'SX'' = SI"" - G^^X'^'"'' - R^"". (20) 

Note that the path Y lives a-priori only in and this implies that uniqueness of the 
solution of Problem 121 can be achieved only if 7 > 1/2. On the other hand the request 
that Y can be decomposed as in eq. (|TH)l with prescribed regularity on G and Q has 
allowed us to show that the ambiguity in the solution of Problem^ can be reduced to the 
choice of a process X^ satisfying eq. (fT7|). Of course if 7 > 1/2 there is only one solution 
to (fT7|) with the prescribed regularity and the decomposition ()2U|) (into a gradient and a 
remainder) coincides with the unique solution of Problem |21 

Another way to look at this result is to consider the "non-exact" differential 

F6X + GX^ 

where F, G are arbitrary paths and ask in which case it admits a unique decomposition 

F5X + GX^ = 6A + R 
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as a sum of an exact differential plus a remainder term. Of course to have uniqueness is 
enough that R G VtC^ , z > 1. Compute 

N{F5X + GX^) = -5F5X - SGX^ + G5X5X = {-6F + G6X)6X - dGX^ 

so in order to have R G QC^, z > 1 condition p8|l and suitable regularity of G and Q, are 
sufficient to apply Prop. ^ 

4.1. Weakly-controlled paths. The analysis laid out above leads to the following 
definition. 

Definition 1. Fix an interval I C R and let X G ^^(7,1/). A path Z G C^{I,V) 
is said to be weakly-controlled by X in J with a remainder of order rj if it exists a path 
Z' G C'-'^il, V (g) V*) and a process Rz G QC^il, V) with r] > such that 

SZ^" = Z'^^'SX" + i?^. 

If this is the case we will write {Z,Z') G VjflljV) and we will consider on the linear 
space T>]f{I,V) the semi-norm 

\\Z\\D{X,'y,ri),I ■'= \\Z'\\oo,I + + ||-Rz||-»;,/ + ||^||7,/- 

(The last contribution is necessary to enforce Z G C'^'{I, V) when / is unbounded). 

The decomposition SZ'^ = Z'^'^5X^ + R^^ is a-priori not unique, so a path in D^^tj{I,X) 
must be understood as a pair {Z, Z') since then Rz is uniquely determined. However we 
will often omit to specify Z' when it will be clear from the context. 

The term weakly- controlled is inspired by the fact that paths which are solution of 
differential equations controlled by X (see SecE} belongs to the class of weakly-controlled 
paths (wrt. X). In general however, a weakly-controlled path Z is uniquely determined 
knowing X and the "derivative" Z' only when t] > 1. 

Weakly-controlled paths enjoy a transitivity property: 

Lemma 1. If Z e V^'^il, V) and Y e VY{I, V) then Z G v''Y"''^'''"\l, V) and 

\\{Z, Z')\\D(X,-y,S),I < K\\Z\\D{Y,y,ri),l{^ + || 'i^ || D(X,7,ct),/) (1 + ||-^||7,/) 

where K is some fixed constant. 

Proof. The Proof is in the Appendix, Sec. IA.2.11 □ 

Another important property of the class of weakly-controlled paths is that it is stable 
under smooth maps. Let G'^'^{V,Vi) the space of ra-times differentiable maps from V to 
the vector space Vi with 5-Holder n-th derivative and consider the norm 

n 

\\V\\0,S = llv^lloo + IIV^IU \\'f\\n,5 = llv^lloo + ^ ||<9^V5||oo + H^^^V^IU 

k=l 

where G C"''^(V, Vi), d'^ip is the k-th derivative of ip seen as a function with values in 

Vi ® V*'^'' and 

\\ip\\oc = sup \^p{x)\, 

= sup i^^^i-) - yy)\ , 

x,y&v \x — y\ 
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Proposition 4. Let Y e VY^{I,V) and (p e C^'^{V,Vi), then the path Z such that 
Zf^ = if{Yt)^ is in VJl'^{I, Vi) with a = min{'~f{6 + l),ri). Its decomposition is 

with Rz e nC''{I,Vi) and 

\\Z\\nix,,,.),i < KMiA\\Y\\Dix,,,,),i + rilLtk.),/ + (21) 
and if f E C'^'^{V, Vi) we have also 

MY) - v{Y)\\D(x,,,(i+5y,),i < C\\Y - Y\\Dix,,,(i+5y,),i (22) 
forY,Y eV]l^^+^^\I,V) with 

C = K\\ip\\2,s{i + ||-^||7,/)(1 + ||^||z)(X,7,(l+<5)7),/ + \\Y\\D{X,-y,{l+5y,),iy^^ ■ 

Moreover ifYe V), Z = ^{Y) and 

SY" = Yl ^'SX" + R^, (T ^ = Yl'''6X'' + R"- , 
dZ^" = Z'fdX" + i?^, dZ^" = Z'/SX" + R"-, 

with z'j^^ = dMytyyih z'j:t = oMytrKt t^en 

\\Z' — Z'Woo + \\Z' — Z'Ws^j + \\Rz — Rz\\{i+S)j,i ^\\Z — Z\\^j < C{\\X ~ X\\jj + e/) (23) 
with 

ei = \\Y' - F'lU,/ + \\Y' - Y'Mi + 11^^ - Ry\\{i+s)iJ + 11^ - ^WiJ- 
Proof. The proof is given in the Appendix, Sec. IA.2.21 □ 

4.2. Integration of weakly-controlled paths. Let us given a reference path X G 
C'^(/, V) and an associated process G VlC'^'^{I, V ®V) satisfying the algebraic relation- 
ship 

ivx^r = ^X^JKt s,u,te I. (24) 
Following Lyons we will call the couple (X, X^) a rough path (of roughness I/7). 

We are going to show that weakly-controlled paths can be integrated one against the 
other. 

Take two paths Z,W in V weakly-controlled by X with remainder of order rj. By 
an argument similar to that at the beginning of this section we can obtain a unique 
decomposition of as 

and we can state the following Theorem: 

Theorem 1. For every {Z, Z') e 0^(1, V) and {W, W) G 0^(1, V) with r/ + 7 = 
6 > 1 define 

I' zi^dw:: := z^m:, + z'^^^wi^rXf'^' - imz^sw'' + z';w'jx'^^'^')u s,tei 

(25) 
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then this integral extends that defined in prop. and the following bound holds: 

(26) 



J s 



- 2<5 I ' ^'1- 

which implies the continuity of the bilinear application 

{{Z,Z'),{W,W')) ^ (^j^ ZdW,ZW'^ 

from V]l\V) X V]l\V) to i)J--(27fl)(^ ^ 
Proof. Compute 

QZt = Niz^'w + zywi^rx^'^"'" 



I,, I N 

H' ■ ■ V -- Jsut 



= -5z^^m:, + {z';w'j),NX:::, " - d,z';w'j)suKt 

- ^z';w'j),X^t'''' - z';/xiwir,jx^J, 

and observe that all the terms are in f2C|(J, V"®^) so that Q G V"*^^) is in the domain 

of A, then 

\\AQ\ki < [\\Rz\U\Whi + ||Z'|U,,||X||,,,||i?^||,,, 

+ ||X^||27,/(||^'||oo,/|| W^'||r?-7,/ + II W^'||oo,/||^'||r?-7,/) + II ^11 oo,/ 1| W^'|| 7J-7,/ || ^ || ^,/] 

- ^13^(1 + 11^11?,/ + IIx'II27,/)II(^>^0IId(x,7,.),/II(w^,w^^^ 

and the bound together with the stated continuity easily follows. 

To prove that this new integral extends the previous definition note that when 27 > 1 
eq. ()24|1 has a unique solution and since Z,W e C^{I,V) let Ast = jlZdW where the 
integral is understood in the sense of prop. El Then we have 

with R e QC^^'il, V (g)V), at the same time 

Z^W = SA"^ - Z'^^WJ^^^^"'"' - R"" 



with R G VlC^ [I ^V'^'^) . Comparing these two expressions and taking into account that 
27 > 1 we get M = M and R^"' = Z'^'^W^rX'^^'''''' - R''"' proving the equivalence of the 
two integrals. □ 

Note that, in the hypothesis of Th. ^ we have 



[\xi:-xndx:. 

J s 
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Even if the notation does not make it explicit it is important to remark that the integral 
depends on the rough path (X, X^), however if there is another rough path (F, Y^) and 
X e V^\I,V) we have shown that VY{I,V) C V^\I,V) (see Lemma d) and the 
integral defined according to (X, X^) is equal to that defined according to (1^, Y^) if and 
only if we have 

where this last integral is understood based on (Y, Y^). Necessity is obvious, let us prove 
sufficiency. Let the decomposition of X according to Y be 

and write 

= Z'J'dX'' + i?^, M^" = W'/M'' + R'^ 
then if ^ 



is the integral based on (X, X^), 



ft 

'st = / ^' «(y,Y2)i 

J s 

the one based on (y, Y^); we have by definition of integral 

5J^- = Z^'M'' + Z'^^AI,W'''A''.Y^^'''P' + i?f 

r\, 1% p p T 

and 

where Rj,Rj,R^2 G fiC^+''(y®2)_ ^^^g^^ 

= z'/w'/r;;^ + - i?f 

but then 6(1 - 7) G fiC^+''(/, V^^) with 7 + r/ > 1^ it must be SI = SI. □ 
much effort to show that the difference 



Given another rough path (X, X^) and paths W, Z G Vy.^(I, V) then it takes not so 



A,t := ^ ZdW - ^ ZdW 

(where the first integral is understood with respect to (X, X^) and the second w.r.t. 
(X, X^)) can be bounded as 

II A - ZSW + ZW + W'Z'X^ - ly'Z'X^II^^ < — ^-(£'1 + D2 + D3) (27) 

2^ — 2 

where 

D, = il + \\X\\Ij + ||X2||2,,,)(||(Z,Z')||d(x,,,,),/ + ||(Z,Z')||^(^,,,,),,)6^ 
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and 

= — Z'WooJ + \\Z' — Z'\\ri-^J + \\Rz — Rz\\-q,I + \\Z — Z\\yj 

= \\W'- W'\Uj + \\W'- W'\\r,-^j + \\Rw - RwUi + \\W- W\\^j 

so that the integral possess reasonable continuity properties also with respect to the 
reference rough path (X, X^). 

Remark 1. It is trivial hut cumbersome to generalize the statement of Theorem U\ 
in the case of inhomogeneous degrees of smoothness, i.e. when we have Z G VJfiV), 
W e V^'^'iV) with X eaiV),Y e CP{V) and there is a process H e VLC^+PiV^^) which 
satisfy 

In this case the condition to be satisfied in order to be able to define the integral is min(7 + 
■r]',p + r]) = 5 > 1. 

As in Sec. 01 we can give an approximation result of the integral defined in Theorem^ 
as a limit of sums of increments: 

Corollary 2. In the hypothesis of the previous Proposition we have 

n-l 

z^dw,'; = hm V f z^w!" , + z';, w'j, xf^^i"' ) 

where the limit is taken over partitions U = {tQ,ti, . . . ,t„} of the interval [s,t] such that 

to = S,tn = t, > ti, |n| = SUPj —ti\. 

Proof. The proof is analogous to that of Corollary ^ □ 

Better bounds can be stated in the case where we are integrating a path controlled by 
X against X itself 

Corollary 3. When W e Vjf^il, Vi V*) the integral 



belongs to Vjf'^{I, Vi) and satisfy 

1 

■,7,»7+7),/ ^ 2''?+7 - 2 



Moreover if (X, X ) is another rough path and W G T)Jp{I, V\ ® V*) then 

6B^,= fwi^jx:- fmjx: 
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and 
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B 



with Rb satisfying the hound 

1 



\RB\\r,+^,I < - 



Cx,iew,i + i\\W\\D{Xn,v)J + W\\D{Xn,ri),i)Pi 



with 
and 



2v+y - 2 L 

^W,I = \\Rw — RwWvJ + 11^' ~ W^'l|r?-7,7 



(29) 



Pj — \\X — v^||^+||X — X 1 1 27,/ 
iX^i 



IX^I 



Cx,I — 11^117,/ + ||X'^||27,/ + ||X||^^/ -t- ||A 1127,7 

Proof. The integral path 6A has the following decomposition 



with Ra satisfying 

then eq. (j^Hj) follows immediately from the properties of A. Next, let 5A = j WdX and 



then 
and 



= WI^SX" + Wli^X^'"'' + R"- 



ATi?^ = sw;,!:x^''"' + R'^jx" - w!,i:x'^'''^ + r^^ sx 



|-Rb||7j+7,/ < 



1 



\W' - l^'||,_^,,||Xl27,/ + ||W^'||r,-7,/l|X' 



2ri+l - 2 

+ \\X — X||^^/||i?vi/||,,,/ + — -^M/llr?,/ 

- 2^+7^-2 [^^'^^'^'^ + {\\W\\D{Xa,v),I + \\W\\DiX,^^r^),l)pI 



1 27,/ 



□ 



5. Differential equations driven by paths in C^{V) 

The continuity of the integral defined in eq. ()14p allows to prove existence and unique- 
ness of solutions of differential equations driven by paths in C^lV) for 7 not too small. 

Fix an interval J C M and let us given X e C^(J, V) and a function ip e C(y,V <^V*). 
A solution Y of the differential equation 

dY/' = ^{Yt)>:,dX^, Yt,=y, toe J (30) 

in J will be a continuous path Y G C^'iV, J) such that 



J to 



(31) 



for every t e J. If7>l/2 sufficient conditions must be imposed on (p such that the 
integral in (|!?T|l can be understood in the sense of prop. 01 Ifl/3<7<l/2 the integral 
must be understood in the sense of Theorem ^ Then in this case we want to show that, 
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given a driving rough path (X, X^) it is possible to find a path Y G VJl ^(V, J) that satisfy 
eq. dSH). 

The strategy of the proof will consist in introducing a map Y i— G(Y) on suitable 
paths Y G C( J, V) depending implicitly on X (and eventually on X^) such that 

G{Y)t = Yt,+ f\{YXdXl (32) 

J to 

Existence of solutions will follow from a fixed-point theorem applied to G acting on a 
suitable compact and convex subset of the Banach space of Holder continuous functions 
on J (this require V to be finite dimensional). To show uniqueness we will prove that 
under stronger conditions on the map G is locally a strict contraction. Next we show also 
that the Ito map (in the terminology of Lyons 0) Y = F{y, ip, X) (or Y = F{y, (p, X, X^)) 
which sends the data of the differential equation to the corresponding solution Y = G(Y), 
is a Lipschitz continuous map (in compact intervals J) in each of its argument, where on 
X and X^ we are considering the norms of C'iJ, V) and QC'^'^{J, V^"^) respectively. 

Note that, in analogy with the classical setting, the solution of the differential equation 
is "smooth" in the sense that it will be of the form 

SY = ip{Y)6X + Ry (33) 

with Ry G QC^iV, J) with z > 1 in the case of 7 > 1/2 and of the form 

SY = ip{Y)6X + dip{Y)ip{Y)X'^ + Qy (34) 

with Ry G nC^{V, J) with 2 > 1 in the case of 1/3 < 7 < 1/2. 

Natural conditions for existence of solutions will be G G^(y,V ® V*) if 7 > 1/2 
and (1 + 5)7 > 1, while ^ G G^'^{V, V ® V*) if 1/3 < 7 < 1/2 where 6 G (0, 1) such that 
(2 + 5)7 > 1 while uniqueness will hold if <p e G'^'\V, V ^ V*) or <p e G^'\V, V O V*) 
respectively with analogous conditions on S. 

Remark 2. Another equivalent approach to the definition of a differential equation 
in the non-smooth setting is to say that Y solves a differential equation driven by X if 
eq. or eq. \34\ ) is satisfied with remainders Ry or Qy in QC^{V) for some z. This 
would have the natural meaning of describing the local dynamical behaviour of Yt as the 
parameter t is changed in terms of the control X . This point of view has been explored 
previously in an unpublished work by A. M. Davie [1\ which also gives some examples 
showing that the conditions on the vector field ip cannot be substantially relaxed. 

Remark 3. In a recent work [5j Li and Lyons show that, under natural hypotesis on 
(p, the ltd map F can be differentiated with respect to the control path X (when extended 
to a rough path). 

5.1. Some preliminary results. In the proofs of the Propositions below it will be 
useful the following comparison of norms which holds for locally Holder continuous paths: 

Lemma 2. Let i] > 'j, b> a then nC'^{[a,b]) C ^lC'^{[a,b]) and 



for any X G ^]C''([a, 6]). 









\t 


— S 
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Proof. Easy: 

||^|l7,[a,b] = sup - — ^= sup - — '-^\t - sl'^"^ < \b - al"^'^ sup 

t,se[a,b] r ~ -^l t,se[a,b] I'' ~ ■5| ' t,se[a,b 

□ 

Moreover we will need to patch together local Holder bounds for different intervals: 

Lemma 3. Let I, J be two adjacent intervals on M (i.e. I (1 J 0) then if X & 
nC^il, V), X e nC<{J, V) and NX e nC^^'^^{I U J, V) with 7 = 7i + 72, then we have 
X G C\IUJ,V) with 

Il-^|l7,/uj < 2(||X||^^/ + + ||A^X||^^_^2_/uJ- (35) 

Proof. See the Appendix, Sec. IA.3.fl □ 

5.2. Existence and uniqueness when 7 > 1/2. First we will formulate the results 
for the case 7 > 1/2 since they are simpler and require weaker conditions. 

Proposition 5 (Existence 7 > 1/2). 7/7 > 1/2 andip e C^{V,V®V*) with 6 e (0, 1) 
and (1 + 5)7 > 1 there exists a path Y G C'^{V) which solves eq. (where the integral 
is the one defined in Sec. 

Proof. Consider an interval / = [to, to + T] C J, T > and note that W = (p{Y) is 
in C^''{I,V®V*) with 

\\w\\s,,i = MY)\\s,,i < Ms\\y\\ii 

so that if (1 + 5)7 > 1 it is meaningful, according to Prop. El to consider the application 
C^{I,V) C^{I,V) defined as in eq. Moreover the path Z = G(Y) G C^{I,V) 

satisfy 

sz'' = ^{YYjx" + 

with 

II II (1+5)7,/ < ^(1^5)73^ II ^11 7,/ II </'(^) II 57,/ < ^(T^syTZ^IIV'll^ll^llT.^II^II?,/ 

then, using Lemma El 

11^117,/ < Il¥'(>^)'£^ll7,/+ll^?^ll7,/ 

^ IIV^I|o,<5||^|l7,/ + r'^'' II II (1+5)7,7 
<KCx,7||<^||0,5(l+T^^ni7,/) 

<irCx,j||^||o,5(l + T^1|V'||:;,,) 

with 

Cx,i = ||-^||7,/ 

For any T let At > be the solution to 

At = KCxAvhA^ + T'-'A't.). (36) 

Then 11(7(1^)11^^/ < At whenever ||1^||7,/ < At and moreover G(Y)tQ = Yt^. Then for any 
y & V, the application G maps the compact and convex set 

Qy,lto,to+T] = {Ye C^to, to + T],V): Yt, = y, ||r || 7,1*0, to+T] < At} (37) 
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into itself. Let us show that G on Qy^it^^tQ+T] is at least Holder continuous with respect to 
the norm || • H-^. This will allow us to conclude (by the Leray-Schauder-Tychonoff theorem) 
the existence of a fixed-point in Qy^it^^^to+T]- To prove continuity take F, F G Qyj and 
denote Z = G{Y) so that 

as for Z = G{Y). Then 

\\Z - Z\\,,i < yiY) - ip{Y)\\^j\\X\\,j + WQz - Qzhi (38) 
but now taking < a < 1 such that (1 + a5)7 > 1 

WQz - Qz\\{l+a6HI < ^(r^^^y^^\\^\kl\\v(X) - V(X)\\a8^,I 

To bound ||v5(F) — ip(Y)\\aS'yj we interpolate between the following two bounds: 

MY) - cp{Y)\\o,i < 2MY) - y.(r)||oo,/ < 2||^|Ur - Y\tj 

and 

IIV^(F) - ^iY)\\s,j < MY)\\s,j + y{Y)\\s,,i < MsiWYWii + \\Y\\'^j) < ||^IU24 
obtaining 

h{Y) - v{Y)\u,i < 2Ms\\y - y&'A^' 

Eq. (jHEl) becomes 

\\Z - Z\\,j < yiY) - ^iY)\\^j\\X\\,j + T^'-'WQz - Qzh+aShj 

\S \ \\V VII /Ick5 



IV VII* -L IIV Vll^-'""-'" 



Since ||F — V||oo,/ < ||^ — YW-yj (recall that T < 1) we have that G is continuous on Qyj 
for the topology induced by the norm (the paths all have a common starting point). 

Since all these arguments does not depend on the location of the interval I we can 
patch together local solutions to get the existence of a global solution on all J. □ 

Proposition 6 (Uniqueness 7 > 1/2). Assume (p G G^'\V, V^V*) with (1+5)7 > 1; 
then there exists a unique solution of eq. iy(J\). The ltd map F{y, ip, X) is Lipschitz in the 
sense that satisfy the following bound 

\\F{y, ^, X) - F{y, ^, X) < M(||X - X\\,j + || - ^\\i,s + \y-y\) 

for some constant M depending only on ||X||^^j, ll'?l|i,<5 ^'^^ J- 

Proof. Let us continue to use the notations of the previous proposition. Let Y, Y 
be two paths in C^J^J,V), and X,X e C''{J,V). Let W = ^(Y), W = ip(Y), Z = G{Y), 
Z = G{Y) where G is the map corresponding to the driving path X: 



to 



Y ^ GiYr ■■= Yt, + / ^^{Y^r.dK- 

Then 



bZ^ = ifiYsrSX" + Q'i 



20 M. GUBINELLI 

Introduce the following shorthands: 
^zj = \\Z — Z\\^j, e{Yj = \\W — WWs-yj, eyj = 11"^ — "^117,/) ^y,i = 11^ ~ ^IUt,/! 

Pi = \\X - X\\^j + \Yo - Yol + - ^||i,<5 

Cx,I = ||-^||7,/ + I|-^ll7,/ Cyj = 11^117,/ + ||^||7,7- 

With these notations, Lemma El states that, when T < 1 : 

ez,i < KCx,iC^j[il + Mi,5)pi + llv^lli.^T^'ey,,] (39) 

As we showed before in Prop. El there exists a constant At such that the set Qyj : = 
{Y E C^i^IjV) : = y, ||^||7,7 < At} is invariant under G. Take Y", F G Qyj and 
X = X. Then we have pi = 0, Cy,i < 2^47- and 

ez,i<KMi,5Cx,jA'TT^'eY,i. 

Choosing T small enough such that K\\(p\\i^sCx,j^t'^'^^ = a < 1 implies 

\\G{Y) - G{Y)\\,j = ez,i < a\\Y - Y\\,j. 

The map G is then a strict contraction on Qy^ and has a unique fixed-point. Again, since 
the estimate does not depend on the location of / C J we can extend the unique solution 
to all J. □ 

5.3. Existence and uniqueness for 7 > 1/3. 

Proposition 7 (Existence 7 > 1/3). If > 1/3 and if e G^'^{V, V) with (2 + 5)7 > 1 
there exists a path Y G Vj/^'^{V) which solves eq. / t.VCJj) where the integral is understood in 
the sense of Theorem^ based on the couple (X, X^). 

Proof. By Prop. Hfor any Y G V]l^^{J, V), the path W = ip(Y) is in V]^^^'^^^^ {J, V) 
with 

\\w\\Dix,,,ii+5),)j = My)\\Dix,,,ii+5),),i < i^ii¥^iii,.(rik/ + \\Y\\iy + \\y\\Ij) 

<3Ky\\,4i + \\Y\UjY 

where we introduced the notation || • ||*,/ = || ■ ||_d(x,7,27),/- 

Then we can integrate W against X as soon as (2 + 5)7 > 1 and define the map 
G as G : V]l^\I,V) V]l^\I,V) with the formula Let F be a path such that 

The decomposition of Z (as above Z = G(Y)) reads 

= Z'/6X'' + R^z = viyyjX'' + d^^{YYXp^^^''''' + Qz 

with (use eq. (I2H1)) 

2+5)7,/ ^ KGx,l\\v{Y)\\D{X,-^,{l+S)'y),I (41) 

where 

Gx,i = 1 + ||-^||7,/ + ||X^||27,/- 

Our aim is to bound Z in V'^^'^ [I ,V) . To achieve this we already have the good 
bound (gH) for Qz so we need bounds for \\d^^{Yy^Y/^''X^'''P\\2^j, \\^{Y)\\^j and \\Z\\^j. 
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To simplify the arguments assume that T < 1 since at the end we will need to take T 
small anyway. 

Let us start with \\dMYy^Y^''X'^'''P\\2^j: 

\\dMYyx''^'''''h^j < \\dMy)JooAyp^\\ooA^''''i2,,i 

<l|5v^lloo(|r,;j + T^liril,,,)llx2'^''ll2,,, (42) 

<iiv^iiv(ii^iii,.+T^riiv)iix^'^ii27,/ 

Next, using the fact that 

\\d^iY)\\^j<\d^iYj\ + \\d^iY)\\o,j 
< yh,s + T'^\\d^iY)\\s,,j 

D(X,7,(l+5)7),/ 

obtain 

||<^(y)||,,, < \\X\\,j\\dy^{Y)\Uj+\\R^(^y)\\,j 

< yhsWXhi + T'''i\\X\\,j\\d^iY)\\nix,,,ii+5),),i + l|i?^(y)ll(i+5h,/) (43) 

D(X,-y,{l+5)^),l) 

To finish consider 

\\Z\\,j<\\Z'6X\\,j+\\Rz\\,j 

< yiY)\\^j\\X\\^j + \\dip{Y)Y'X%^j + WQzh-yj 
Putting together the bounds given in eqs. (jUJ, (j^ . PHj) and eq. (jiij) we get 

\\Z\Ui = MY)\\oo + MY)hi + WdMYy^Y^^X^'^'h^j + \\Qzh,,i + \\Z\U,j 

< 2(1 + ||x||,,,)||vp(r)||oo + hiY)\\,,i + 2\\dMYyX^K'''h^J + ^T'^WQzh+sw 
<irCx,7(||v^||i,. + ||v^|ll, + T^^||^|lMl|r||.,, + T^^||vp(r)|| 

(45) 

Eq. is used to conclude that 

||G(r)||.,, < Kyh.CxA^ + Mi,s + t'^i + muA)' .^g. 

<KMi,sCxja+Mi,s + T'Al + \\Y\U,i)r 
There exists such that for any T <T^ the equation 

At = K\\ip\\i,8Cx,j{l + \Mi,6 + T'\l + AT)f 

has at least a solution At > 0. Then we get that ||G(F)||^, / < At whenever / < At- 
Let us now prove that in the set 

Qv,i = {Ye VfAl, V) : Y,, = y, = ^{y), \\Y\Uj < At} 

the map G is continuous (in the topology induced by the |H|*,/ norm). Take Y,Y E Q'y j 
with Z = G{Y), Z = G{Y) and 

SZ" = Z'J'dX" + R% = 'fiXYJX" + d^'^iXYXo^J.^'''^ + 
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Take < a < 1 and (2 + a;5)7 > 1: a bound similar to Eq. exists for \\Z — ^||*,/: 

\\z - z\ij < 2(1 + \\x\\,j)MY) - v9(f )|U + MY) - v{y)hj 

|(2+a(5)7,/ 

< KCx,i \\W{y) - v{y)h,i + \\d^{y) + dv{Y)\\^jAT + \\Y' - r iioo./ii'^iioo' 

+ 2||(5z — Qz\\{'i+a&Yi,I 

when \\Y — Y\\^j < £ < 1 we have 

MY) - <^(r)||^,, + \\dv{Y) + dv{Y)\UjAT + \\Y' - r ||oo,/ll'^lloo < ^llv^lli,5(i + ^t)^' 

moreover we can bound \\Qz — Qz\\{2+a5)'yj as 

WQz - Qz\\{2+a5)-i,I < 2(2+a5Yt _ 2 ^^^^ ""^^ ~ -R^y II (l+a5)7,/ + II^^V^C^) ^ dif{Y)\\a5-y,_ 

with W = ^p{Y), W = ^p{Y). Both of the terms in the r.h.s. will be bounded by 
interpolation: the first between 

\\Rw - -RvkII(1+<5)7,/ < ||V5('5^)||d(X,7,(1+5)7) + || V^(^) || D(X,7,(l+<5)7) 

and 

\\Rw - Rwiki = wmy) - ^(y)) - (My) - d^{Y))sx\\,j 

< MY) - ipiY)M + CxAMy) - d^iY)Mi 

< M\i,s^ + Cx,iM\i,s£^ 

while the second between 

WdcpiY) - dipiY)Mj < \\d^iY)Mi < +\\My)\\s,,i 

and 

WdifiY) - dcpiY)\\oj < 2\\dipiY) - dipiY)Mj < M\i,s\\y - y\\L,i < Mi,ss'. 

These estimates are enough to conclued that \\Z — Z\\^j goes to zero whenever — 
does. 

Reasoning as in Prop. [SI we can prove that a solution exists in Vjf^{I,V) for any 
I J such that |/| is sufficiently small. Cover J by a sequence /i, . . . , J„ of intervals of 
size T < T^. Patching together local solutions we have a continuous solution Y defined 
on all J with 

5Y = Y'SX + Ry 

where Ry e UiQC'^^{Ii,V) and Y' e UiQC'^{Ii,V). It remains to prove that Y e 
V]f'^{J,V). Since the restriction of Y on Jj is in Qy^i^ for some y & V we have that 
(with abuse of notation) ||l^||*,/i < At for any i. 
Using Lemma El iteratively we can obtain that 

\\Y\U,j < 2'^+isup||F||^,7,^ < 2''+^At 

i 

and by the same token 

||F'||^,j < 2^^'At 
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Next consider Ry: write = UfL]^/, and by the very same lemma get ( Jj+i = U h+i) 

— 2||-Ry ||27,jj + 2 II -Ry II 27,/i_,_i + ||1^ II^^jIIXII^^j 
smce NRy = -Sr 6X. By induction over i we end up with 

||%||27,J < 2"+' SUp||%||27,7. + r2||F'||7,j||X||7,j < (2"+^ + 22"+2n)AT 
i 

and this is enough to conclude that Y G V]l^^{J, V). □ 

Proposition 8 (Uniqueness 7 > 1/3). 1/7 > 1/3 and (p e C^'^^V, V) with (2 + 5)7 > 
1 there exists a unique path Y G V]f'^{J,V) which solves eq. ^EW based on the couple 
{X, X^) . Moreover the ltd map F{y, ip, X, X^) is Lipschitz continuous in the following 
sense. Let Y = F{y, y?, X, X^) and Y = F{y, ^, X, X^) where {X, X^) and (X, X^) are two 
rough paths, then defining 

eyj = \\Y' - Y'W^j + ||r' - Y'W^j + \\Ry - Ryh^,! + \\v - Ifihs 

Pi = 1^0 ^^to \ + 11-^ ~ -^Il7,/ + 11^^ ~ II 27,7 
and ^ ^ 

Cx,i = (1 + 11^117,/ + 11^117,/ + 11^^1127,/ + 11^^1127,7) 

Cy,7= (i+||r||.,,+ ||F||,,/). 

we have that there exists a constant M depending only on Cx,j, Cy,j, \\'p\\2,5 and ||^||2,<5 
such that 

ey,j < Mpj. 

Proof. The strategy will be the same as in the proof of Prop. IHl Take two paths 
Y,Y e V]f\J, V) and let jis above Z = G{Y), Z = G{Y). Write the decomposition for 
each of the paths Y, Y, Z, Z as 

SY^" = Yl^SX" + i?^, = Yl^'SX'' + Rt, 

and 

5Z = Z'SX + Rz = y^(Y)SX + d<p(Y)X'^ + Qz 
6Z = Z'6X + Rz = lp{Y)6X + dipiY)^^ + 
The key point is to bound e^j defined as 

ez,i = MY) - ^(F)lloo,/ + ll^(l^) - ^(?)||7,/ + \\Rz - Rzh,j 

and the result of Lemma M (in the Appendix) tells us that, when T < 1, ez,i can be 
bounded by 

ez,i < K[{1 + ||<^||2,5)Ci,/C^,/P/ + ||^||2,5T^^Ci,/Cj,eyj]. (47) 

Taking Yq = Yq, X = X, X^ = X^ and (f = (f we have pi = pj = 0. As shown in the 
proof of Prop. [Z|if T < T* for any y & V there exists a set Qyj C VJ^^^lI, V) invariant 
under G. Moreover if y, F G Qyj for some y then ||1^||*,7- < At, ||F||*,/ < At and letting 

Cyt ~ 1 ~I~ '2At 
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we can rewrite eq. (|i7|) as 

so choosing T small enough such that 

T'^CI^jCIt = « < 1 (48) 

we have 

\\G{Y) - G{Y)\lj = ez,i < aeyj = a\\Y - Y\lj. 

Then G is a strict contraction in V]l^'^{I,V) and thus has a unique fixed-point. Again, 
patching together local solutions we get a global one defined on all J and belonging to 

Now let us discuss the continuity of the Ito map F{y,{p,X,X'^). Let Y,Y be the 
solutions based on (X, X^) and (X,X^) respectively. We have Y = G(Y) = Z, Y = 
G{Y) = Z so that ezj = ey,/ for any interval I C J and we can use eq. (^Tj) to write 

eY,i = ez,i < K[{1 + M2,5)GIjGIjPi + M2,5T'^GljGljeY,i]. 

Fix T small enough for PHj) to hold so that 

ey,/ < (1 - a)-'K{l + M\2,s)GIjCIjPi = M,pj 

Cover J with intervals Ji, . . . , /„ of width T and let Jk = ^i=ih with J„ = J. 

To patch together the bounds for different /j into a global bound for ey,j we use again 
Lemma El to estimate 

\\Ry — -Ry||27,Ji+i < ll-Ry — RyhjJi + \\Ry — -Rylhi./i+i + ||^'(5X — SY' 5X 
< \\Ry — -Ry||27,Ji + \\Ry — -Ry||27,/i+i 

+ 11'^' - ^'l|27,J,+il|-'^|l7,J + ||^'|l7,j||-^ - -^|l7,J,+i 

then we obtain easily that 

ey,j,+i < Cxji^Yj, + ey,/,+i) + CyjPj. 
Proceeding by induction we get 



ey,j„ < iCx,jn + ^ j) sup eyj, + nCy^jpj 
k=i ' 

n 

< [2j2cijM,+nCY,j]pj 

k=l 

which implies that there exists a constant M depending only on Gxj, Gy^j, ||<^||2,<5 such 
that 

ey,j < Mpj. 

□ 



CONTROLLING ROUGH PATHS 



25 



6. Some probability 

So far we have developed our arguments using only analytic and algebraic properties 
of paths. In this section we show how probability theory provides concrete examples of 
non-smooth paths for which the theory outlined above applies. 

Let JF, P) a probability space where is defined a standard Brownian motion X with 
values in = M" (endowed with the Euclidean scalar product). It is well known that X 
is almost surely locally Holder continuous for any exponent 7 < 1/2, so that we can fix 
7 < 1/2 and choose a version of X living in C'*'(J, V) on any bounded interval I. In this 
case solutions of eq. (fT7|) can be obtained by stochastic integration: let 

where the hat indicates that the integral is understood in Ito's sense with respect to the 
forward filtration J-'t = cr{Xs] s < t). Then it is easy to show that, for any s,u,t eM. 

wz,st - wz,^ - wz^ut = - (^r - K) (49) 

which means that 

NWZ = ^X^^X" 

then we can choose a continuous version Xj^^ of (t, s) ^ VFito,st for which eq. (jl^ holds 
a.s. for all t,u,s e M. It remains to show that Xj^^ G QC'^'^{I, V'^'^) (for any 7 < 1/2 and 
bounded interval J). 

To prove this result we will develop a small variation on a well known argument first 
introduced by Garsia, Rodemich and Rumsey (cfr. [8, 9 ) to control Holder-like seminorms 
of continuous stochastic processes with a corresponding integral norm. 

Fix an interval T C M. A Young function ^|J on M"*" is an increasing, convex function 
such that ip{0) = 0. 

Lemma 4. For any process R G QC{T) let 

U = [ ^ (^^f^[—]dtds 
Jtxt \p{\t-s\/A)J 

where p : M"*" M"*" is an increasing function with p{0) = and ip is a Young function. 
Assume there exists a constant C such that 

sup \NR^,r\<iJ'^(T-^^vi\t-s\/^), (50) 
for any couple s <t such that [s, t] C T. Then 



RJ < 16 



\t-s\ 



dp{r) (51) 



for any s,t eT. 

Proof. See the Appendix, Sec. IA.41 □ 



Remark 4. Lemma ^ reduces to well known results in the case NR = since we 
can take C = 0. Condition l\5U\} is not very satisfying and we conjecture that an integral 
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control over NR would suffice to obtain i51]} . However in its current formulation it is 
enough to prove the following useful corollary. 

Corollary 4. For any 7 > and p > 1 there exists a constant C such that for any 

Rene 

WRhr < C{U,+2/p,p{R.T) + \\NR\\,^t). (52) 

where 



U^^p{R, T) 



TxT 





Rst 




\t 


— S 


7 



p ^ i/p 
dtds 



Proof. In the previous proposition take ^/'(x) = x^, p{x) = x'^^'^^^; the conclusion 
easily follows. □ 

In the case of we have, fixed T = [to,ti\ G M, to < ^i, and using the scaling 
properties of Brownian motion, 



[to.ii] 

= ElXj^soilP / \u- vf^-^-'^'^P^dudv < 00 

for any 7 < 1 and p> 1/(1 — 7) so that, a.s. ?Xy+2/p,p(Xit6) ^) is finite for any 7 < 1 and 
p sufficiently large. Since 

sup \{N^l^^)uvw\ < sup \5Xuv\\5X^w\ <\\X\\t^^T\t - s^^'^ 

(u,v,w):s<u<v<w<t {u,v,w):s<u<v<w<t 

for any to < s < t < ti, we have from (jK^ that for any 7 < 1/2, a.s. 

\\K6,.M\\ < c,A^)\t - si'-^ 

for any t, s G /, where C-^,t is a suitable random constant. Then for any 7 < 1/2 and 
bounded interval / C M we can choose a version such that Xj^g G QC^''{I, V"®^). 

We can introduce 



J s 



where the integral is understood in Stratonovich sense, then by well known results in 
stochastic integration, we have 

^Strat.,st — ^It6,st + ^ ' 

where g^'^ = 1 ii fi = u and g^'^ = otherwise. It is clear that, also in this case, we can 
select a continuous version of Xg^j.3^^ which lives in flC^^ and such that NX^^j.^^^ = 6X6X. 

The connection between stochastic integrals and the integral we defined in Sec. ID 
starting from a couple (X, X^) is clarified in the next corollary: 

Corollary 5. Let ip e C^'^{V,V ® V*) with (1 + 5)7 > I, then the ltd stochastic 
integral 



J s 



CONTROLLING ROUGH PATHS 

has a continuous version which is a.s. equal to 



27 



rough, st 



where the integral is understood in the sense of Theorem^ based on the rough path (X, X 
moreover the Stratonovich integral 



"■^Strat.,st 



is a.s. equal to the integral 



5J^,= !\{XXdK 

J s 



defined based on the couple (X, X|j^^j ) and the following relation holds 

^VK ft 



5J^t = SI: 



rough, st 



+ 



9 



d^<^{XXdu 



Proof. Recall that the Ito integral 6Iitd is the limit in probability of the discrete sums 

i 

while the integral 5/rough is the classical limit as |n| ^ of 

i 

(cfr. Corollary 12)) . Then it will suffice to show that the limit in probability of 

i 

is zero. Since we assume d(p bounded it will be enough to show that -Rn ^ in L'^{Q). 
By a standard argument, using the fact that i?n is a discrete martingale, we have 

i i 
i 

which implies that E |-RnP — » as |n| 0. 

As far as the integral 6J is concerned, we have that it is the classical limit of 

2,KU 

Str&t., titi^l 



i 



^{x,X{xi^, - XI) + d^Xut^lZ^u,. + -ir^MXtXiU^i - U) 



n 

s'^ + ^-irY^^MXtXiu+i-u 
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SO that 



as claimed and then, by the relationship between Ito and Stratonovich integration: 

rt 

we get 5J = (5/strat.- □ 

7. Relationship with Lyons' theory of rough paths 

The general abstract result given in Prop. ^ can also be used to provide alternative 
proofs of the main results in Lyons' theory of rough paths j^, i.e. the extension of 
multiplicative paths to any degree and the construction of a multiplicative path from an 
almost-multiplicative one. The main restriction is that we only consider control functions 
uj{t, s) (cfr. Lyons [7j for details and definitions) which are given by 

u{t, s) = K\t — s\ 

for some constant K. 

Given an integer n, T^'^\V) denote the truncated tensor algebra up to degree n: 
r(")(\/) := ©Lo'^'®^ = M. A tensor-valued path Z : P ^ r(")(V) is oi fimte 
p-variation if 

\\Z%f,\/,<K\f'\, yfi:\fi\<n (53) 
where /2 is a tensor multi-index. A path Z of degree n and finite p-variation is almost 
multiplicative (of roughness p) ii Z'^ = I, n > [p\ and 

NZf" = Z^'Z^ + (54) 

with W e fiC|(/,T(")(\/)) for some z > 1 uniformly for all By convention the sum- 
mation YluR=fi does not include the terms where either /i = or k = 0. 
A path Z is multiplicative ii Z^ = 1 and 

NZ~^ = Z^'Z^ (55) 

UK=p, 

Then the key result is contained in the following Proposition: 

Proposition 9. IfZ is an almost-multiplicative path of degree n and finite p-variation, 
n > \_p\, then there exists a unique multiplicative path Z in T^^P^\V) with finite p-variation 
such that 

WZ^'-Z^KK (56) 
for some z > 1 and all multi-index fl such that \fl\ < [p\ . 

Proof. Let us prove that there exists a multiplicative path Z such that 

Z = Z + Q (57) 
with Q G QC^, z > 1. We proceed by induction: if \fl\ = 1: 

AT" vfi TdP 

^ ^ ^sut — ^sut 
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which, given that G f^Cf, z > 1 imphes that exists a unique such that NZ^ = 
and 

= + ARf" = Z~^ + Q~^ 

with Q'^ G f2C^. Then assume that eq. (j37j) is true up to degree j — 1 and let us show 
that it is true also for a multi- index Ji of degree j: 

NZ~^ = Z^Z~^ + 

VK=fL 
pK=p. 

9K=p, VK=p, 

= z^z~^ + 'w 



If we can prove that R^ is in the image of A^, then writing 

= Z~^- ARf" = Z~^ + Q~^ 
we obtain the multiplicative property for Z^- 



with = j, and we are done since uniqueness is obvious. To prove R'^ G ImA^ we must 
show that A^2-R'^ = 0: 



N2R'' = N2 



No 



l>K,=fJ, 



NZ^ - Y Z^Z'^ 

UK=fi 

Y NZ^'Z'^ - Y Z^'NZ'^ 

J2 Yl z^z'^z'^ - I] I] Z'^Z'^Z'' = 



VK=ll (JT = V 



UK=fi (7T = K 



where we used the Leibnitz rule for (see eq. ©). 

To finish we can take for the constant K in eq. the maximum of HQ^H^ for all 

l/"l<bJ- □ 

Proposition 10. Let Z be a multiplicative path of degree n and finite p-variation 
such that 



Y \\Z^\\k/p < 



fj,:\fi\=k 



(5^ 



for all k < n and with a,C > 0; then if {n + 1) > p and C is small enough (see eq. H6U\} ) 
there exists a unique multiplicative extension of Z to any degree and eq. / f3^) holds for 
every k. 
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Proof. By induction we can assume that Z is a multiplicative path of degree k for 
which eq. holds up to degree k and prove that it can be extended to degree k + 1 
with the same bound. Note that k > n and then (A; + 1) > p. For = A; + 1 we should 
have 

NZf" = J2 Z^Z'^ e (59) 

UK=p, 

Since {k + 1) > p, this equation has a unique solution G nC^''~^^''^P{T''~^^{V)). Then 
observe that, from eq. 

= zl^ + zf„ + y zi^zl, 

pK=p, 

and taking as u the mid-point between t and s we can bound Z^- as follows: 
I] \\Z^t\\ik+i)/p < 2(fc+i)/p I] ll^s''tll{fc+i)/p + CV+^y + 

At|=fc+1 |/t|=A:+l i=l ' ^ 

Now, 

^+j^ 2~^/p 2^(*=+i^*)/p 2~* 2^(^'+-^^*) LpJ^ ^2^(^'+i^*)/p2~'/^ — 2^(*^+-'-^*)2^*) 

i=0 ^ ' 



< 



1 + DpfcLpJ2-(fc+i)/p 



(fc + 1)! 
which gives 



(2(fc+i)/p - 2) (1 + Dpfc^J2-(^+i)/f)a^+i 



a 



fc+i 



2^ ||^.J(fc+i)/p<C (^^I)! -^(A; + l)! 

whenever C is such that 

2{k+l)/p 

° ^ ^ - f>n (2(fc+i)/p - 2)(1 + Z}pA;bJ2-(^+i)/p) ' 
This concludes the proof of the induction step. □ 
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Appendix A. Some proofs 

A.l. Proof of prop. [2 The basic teclinique to prove tlie existence of the map A 
is borrowed form Let r]{x) be a smooth function on M with compact support and 
Va{x) := a^^ri{x/a). 

Define 



{ApA)st := - 
where 

J^isix, s; T, a) := [t]0{x - t) - T]p{s - T)]dxT]i3{x - a) 
and the integrals in r and a are extended over all M. 

Given that A & Z2 there exists R G QC such that NR = A and 

{ApA)st = - dx j j drdaj^p{x, s; r, a){Rra - Rrx - Rxa) 

= — j dx j j dTdaJ^f3{x, s; r, a)Rra 

since the other terms vanish after the integrations in r or a. Then the following decom- 
position holds: 

AfsA = Rp + d^p{R) (61) 

where 

iRf3)st ■= jj dTdarip{s - T)[rip{t -a)- rip{s - cr)]i?^^ 

and ^ 

^0{R)st ~ Jj dcrdTr]f3{x - T)d^rip{x - a)Rra 

In eq. (|F)T|) the l.h.s. depends only on A = NR while each of the terms in the r.h.s 
depends explicitly on R. We have A^A^A = NR^ and since lim^^o Rp = R pointwise we 
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have that hm^^o N Xj^A = NR = A. So every accumulation point X of A^A will solve 
the equation NX = A. Moreover if it exists X e QC^ with z > 1 and NX = A then it is 
unique and lim^^o A/^it! — X in D,C^ since in this case 

ApA ^Rp + S^fsiR) = X(s + d^>p{X) 

and it is easy to prove that ^piX) — > in C^. 

Now we will prove that Mnig^o AfjA exists when A G 2| with z > 1. 

Define friR'^xR+^Vas fr{x,y,a) := r]^{x - t) and : x ^ as 
ga{x,y,a) := rjaiy — cr). Apply Stokes Theorem to the exact differential 2-form oj := 
dfr A dga = d{frdg„) on D := \,s x [13,13'] where Aj,, = {{x,y) : s < x < y < t}. 

Then 

/ Lu = duj — 
J an Jd 

where the boundary dD — — ci + C2 + C3 is composed of Ci = ^ x C2 = A^ ^ x 
C3 = 9A,,, x[/3,/3']. So 



/ Uj\a=l3 — / '^|a=/3' + / 



giving 

rt rt /■/?' pt 

/ J^p{x, s;T,a)dx — / ^/^/(a;, s; r, (T)dx + / da / /C(q;, s; r, 

Js J s J 13 J s 



with 



/C(q;, X, t, s; T, a) = daiVaix -a)- ria{s - a)]d^r]a{x - r) 

+ dalVait - t) - r]a{x - T)]d:cr]a{x - Ct) 



Then 



ApAst — ApiAst — J da J dx J J dTda}C{a,x,t,s;T,a)Rra (62) 



Assume we can write A = Xli"=i where Ai e 0,62'^ for a choice of n and pi > 0, 
i — 1, . . . ,n. Write p'^ — z — pi. 
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Then consider 

I{a) — — J dx J J dTdaJC{a,x,t, s;T,a)Rra 

= J J drda {daTjais - cr)[na{t - r) - rja{s - r)] 

-daVait - r)[r]a{t -a)- r]a{s - (T)]}Rra 
^ Is II ~ T)dx'n{x -a) - daVaix - Cr)dxr]{x - T)]Rra 

= JJ dTdadaria{cr)ria{T)[Rt+T,s+a — Rs+T,s+a — Rt+T,t+a + Rt+T,s+a] 

= jj dTdada'r]a{cr)r]a{T)[NRt+r,s+T,s+a + NRt+r,t+a,s+a] 

dx dTdadaria{r)d^r]{a)[NRj:+^ 

,X,X+T ,x,x+a\ 



so that we can bound 

|/(a)| < JJ dTda\daVaicr)\\riair)\[\NRt+r,s+T,s+a\ + \NRt+r,t+a,s+a\ 



<J2\\M\p.A II dTda\d^r]^{a)\\ri^{T)\ - s\'''\t - a\p'^ + \t - a\'''\t - t 
+ f2\\Mp.,p[J^dx JJ dTda\d^r]o^{T)\\dM<^)\ [lariTl^'^ + lrrial"'^ 



1=1 

where each term can be bounded as follows: 



dTda\d^ria{(7)\\r]aiT)\\T - a]" = ^"'^ JJ dTda\ri{a) - ari'{a)\\ri{T) \ \t - a]" < Ka''-\ 

JJdr\d^Vair)\\rr^a''-' JJ dr\rjir) - rv'ir)\\rr < K'/'a^'' 
for a suitable constant K > and obtain 

n 

\I(a)\ < X5]K-^K - sl"'^ + a''^-'\t - sr)\\AX.,pl 

i=l 

Upon integration in a we get: 

\I{a)\da<KY,\\M\ 



\pi,p'i 

i=l 
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if |t — s| < 1. By dominated convergence of the integral in eq. (jU^ . 

lim KgA =: AA 

exists (in QC uniformly in bounded intervals). If we also observe that 

n 

\{Ap,A),,\<K{f3r'\t-s\J2\\Ml 



i=l 



we get that 



\iAA\4<KY, 



i=l 



for It - s| < 1. 

Finally, let Jt,s{x) := s + (t - s)(0 V (a; A 1)) and {Jt.X)^^^^^ := Xj, ^(^) for 

all X eVLC2. Then 

iiJt:.^ii,,y < it-3r^'iixii,,y. 

Since Af^At,, = ( J*,A|i„,|^A)o,i = A|t_,|/3( JLA)o,i and 

n 

|(A(J*,i?))i,o|</^$^||JM^.||p.p^ 

i=l 

this is enough to obtain the desired regularity: 

n 

\{AA\J<K\t~s\'Yl 



l\\Pi:Pi- 

i=l 



The constant K can be chosen to be equal to 1/(2^ — 2). Let $ = Yll=i II^^II^.p-- and 
R = AA and since NR = A write 



Rst — Rut + Rsu + A, 

i 

with t > u > s and u = s + \t — s|/2. Then estimate 



i,sut 



H,sut 



< \\RU\t - ,.|' + |« - s]') + Y, IIAII„,p;|!< - sl'-l* - 

SO that 

\\R\U<^<^. 

□ 

A. 2. Some Proofs for Sec. HI 
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A. 2 . 1 . Proof of Lemma 

Proof. Write down the decomposition for Z and Y: 



where F e C^-^I, V®V*),Ge C^-^I, V), Rzy e ^^(J, V) and Ry e VtC^I, V), then 



with = FI^G"^ and i?^^^ = R^^y + ^/"^y- Let 5 = min(a, r]) and note that for Rzy we 
have 

||-Rzy||-^,/ < ||^||D(y,7,»7),/ 
||i?zy||,,/ < \\Z\\,j + ||F|U,7n|,,, < ||Zb(y,,,,),/(l + 
and by interpolation we obtain (a = — 5)/(?7 — 7) < 1) 

\\RzYh,i < \\RzY\\ln\RzY\\lj < \\Z\\niY,,,r,),ia + WYhiT < || ^ || D(y,,,,),/(1 + \\Y\\,j) 
and similarly 

\\RY\\s,i<\\Y\\D(x,,,.),ia + \\X\\,,j) 

moreover 

||F||o,/ = sup \Ft - Fs\ < sup(|Fi| + = 2||F||oo,/ < 2\\Z\\niY,-y,r,),i 

t,sel t,s€l 

so, again by interpolation, we find 

\\F\\s-,j < ||Zb(y,,,,),,2i-(^-^)/(-^) < 2\\Z\\niYn,v)J 

and 

\\G\\s-,,i < 2\\Y\\nix,,,.),i 
To finish bound the norm of Z, Z' as 

,7,<5),/ 11-2' lloo,/ + 11-2' II5-7,/ + \\Rzx\\s,i + \\Z\\^j 

<\\F\Ui\\G\\oo,i+\\F\\s-,,i\\G\\oo,i 

+ ||i^||oo,/||G'||5.^,, + \\RzY\kl + ||i^||oo,/||i?y||5,/ + \\Z\Uj 

< K\\Z\\niY,,M^ + \\y\\Dix,,,.),i){l + \\X\\,,i) 

□ 

A.2.2. Proof of Prop, Let y{r) = {Yt - Ys)r + Ys so that 
- Z^ = ^iy{l)r - V{y{0)r = t dMyiryry'irydr 



Jo 

dMysTiYt' - rn + {Yi' - y:) f [dMy{r)Y - dMYsT] dr 
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Then if = K'^^X^ + R^' we have 



Jo 



z'nxt-x:) + R 



Z,st 



(63) 



with zx, = dMYsTyZ^ 

ll^'IU-, < \\d^{Y.)\i^4Y'\u + \\d^{Y)\u,. 

< {\\d^{Y.)h, + \mY.)M\Y'\U + \\dv{Y.)\\U\\Y'h-, 



< 



.(ril? + 2)||r|u + 2||^IK,,(lir||,_, + 2||r||. 



as far as Rz is concerned we have 



\Rz,st\ = \yt-Ys 



\dip{y{r)) - dip{Ys)\dr 



< 



1,5 



r dr 



\Y,-Ysr' <K\M,A\Y\t^'\t-s 



i+<5k _ cl'r(i+<5). 

7 



and 



\Rzm\ = \yt-Ys 



\dip{y{r)) - dip{Ys)\dr 



<K\M,A\yUt-s\\ 



Interpolating these two inequahties we get 

\\Rzh < K\MiA\yr,'' < KM\iA\y\\txn,^) 

which together with the obvious bound 

11^117 < ii^iii,^rii7 

imphes 

\\Z\\Di,x,,,.) < KM\iA\\y\\DiXa,r,) + \\y\\%,,,,) ^ 



0-/7 ^ 
D{Xri,r,)' 



If SY^' = Yl^dX" + R^" is another path, Zt = v?(Ft) and i7 = Z - Z we have (see 
eq. dSSD): 



with 



Hx = dMyry:" - dMyyyL' 



(64) 



= dMysYKt - dMysYR 
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and 

B^t = Kt f [dMy{r)r - 9Xy(0))1 dr - f [dMy{r)r - dMmr] dr 
Jo Jo 

= <5(y - y):, [dMyir)r - dMvim dr 

Jo 

+ f [dMy{r)r - dMy{r)r - dMy{0)r + dMmr] dr 
Jo 

Let y{r,r') = {y{r) — y{r))r' + y{r) and bound the second integral as 

dr [dMy{r)Y - dMy{r)Y - dMy{^)Y + dMmY\ 

Jo 

dr [ dr' [d,dMy{r: r')Y - dMyi^: r')Y] (y(r) - y(r))« 

^0 



5/ dr dr'\y{r,r') -y{0,r')\^\y{r) -y{r)\ 
Jo Jo 

< ^ikik^irii. + r y - ?iiooit - ^r^ 

then 

ii5|i(i+^h < r - y\UM2,s\\yK + KmuMksmu + muny - ^lu 

and in the same way it is possible to obtain 

\\B\u<M2A\\y-n.+\\n4y-Y\\o.). 

Moreover 

ii^'iioo < yikswy - y'Woo + wy'WMkswy - yu 
mus < yikswy - y%s + nsMkswy - 

and 

\\A\\^<\\M\R-m, + \\RhM2,5\\y-y\\oo 

< Mksiir - y'u\x\\, + \\Y - Y\\.) + (iii^'iiooii^ii. + iii^ii.)ii<^ii2,.iir - f lu 

p||(i+.h < M2AR - R\\ii+s), + WRki+sMksWy - ?lloo 

And collecting all together these results we end up with 

\\Z - Z\\D{X,'y,{l+S)7} ^ '^\\y - y\\D{X,^,{l+S)'y) 

with 

C = Kyh,s{l + \\X\\,){1 + \\Y\\nix,,,ii+5),) + \\Y\\DixMi^s),))'^'. 
To finish consider the case in which SY'^ = Y^^^SX'^ + is a path controlled by X. If 
we let again Zt — ^{Yt) and H = Z — Z we have 

5H^ = d^(fi{Y)^Y;^''S{X^ - X") + H'J'SX" + A^" + 
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where the only difference with the expression in eq. (jMj) is in the first term in the r.h.s. 
then 

\\Z — Z\\^ + \\Z' — Z'\\s"f + \\Rz ~ -R^||(i+(5)7 + — Z'Woo < C(e + ||X — XII7) 

with 

e=\\Y- Y\\^ + \\Y' - Y'Ws^ + \\Ry - RyW^i+s)^ + \\Y' - Y'\\^ 
and this concludes the proof of prop. IH □ 

A. 3. Some Proofs and Lemmata used in Sec. [H 

A. 3 . 1 . Proof of Lemma [3 

Proof. Take u e I n J: 





\-^st\ 




\t 


— S 


7 



sup -j — < sup 

t€i\J,s€j\i — tei\j,sej\i 



\Xut\ 


+ 


Y 


\ + \iNX),^t\ 




|t - 


- s\ 


7 



< sup -j . — h sup -j . — h sup 









\t 


— S 


7 



t€i\j,s£j\i I*- — -^'l ' tei\j,sej\i F ~ '^r tei\j,s€J\i K ~ 









\t 


— u 


7 



lA 



su 



< sup -+ sup -+ sup 

t&i\j,s£j\i F ~ "^r tei\j,sej\i \u — s\' t€i\j,s£ 

— 11^117,/ + Il"^ll7,>/ + ll"^ll7i,72,-fUJ 



|(AA),„t| 




\t — u\ 


72 


\s — 


u\ 


72 



then 



\Xf — A^l l-^t — Ag I l-^t — A^ I l-^t — As 

|-^||7,/UJ = sup — jf^;— < sup — — h sup — — h SUp 



i,se/uJ \t — sp ~ t,sei \t — s\'^ t,s£j F — -sp tei\j,seJ\i F — -Sr 
^ 2(||A||^^/ + ||A||^^j) + ||A||^j_^2^/uJ 

as claimed. □ 
A. 3. 2. Lemmata for some bounds on the map G. With the notation in the proof of 
Prop. El we have 

Lemma 5. For any interval I = [to,to + T] C J such that T < 1 the following bound 
holds 

ez,i < KCxjC(.j[il + y\\i,s)pi + T^'eyj] (65) 

Proof. Consider first the case when (f = (f. Eq. (jfifij) is a statement of continuity 
of the The integral defined in Prop. 01 is a bounded bilinear application {A, B) ^ j AdB 
then it is also continuous in both arguments and it is easy to check that 

WQz - II (1+5)7,/ < K{Cx,ie*^j + Cy,iPi) (66) 
where we used the shorthands (defined in the proof of Prop. EJ: 

ez,i = \\Z -Z\\^j, e*w,i = W -W\\s^,i, eyj = \\Y -Y\\^^i, et,^j = \\Y -Y\\s^x^ 

Pi=\\X-X\\,j + \Y^-%\ 

Cx,I = ||-^||7,/ + 11-^^117,/ 

Cyj = 11^117,/ + 11^117,/ 
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Observe that 

\\ip{Y)-ip{Y)\Ui < \v{Yo)-^{Yo)\+T'^y{Y)-^iY)\\s,j 

ez,i < y{Y)5X - viY)5X\\,j + WQz - Q^\U,i 

< MY) - ipiY)\Ui\\X\\,j + MY)\Uj\\X - X\\,j + T'^WQz - Qzki+SHi 

< Mi,5PiCx,i + T'-^el^^j + KT'\Cx,ie*^j + Cyjpi) 

< \Mi,sPi{Cx,i + 1 + KC'y^i) + T^'e*y,^j{Cx,i + KCyj) 
It remains to bound e\^f. Write 

ip{x) - ifiy) = / dadip{ax + (1 - a)y){x - y) = Rf{x, y){x - y) 
Jo 

then 

WRifWoo = sup \Rip{x,y)\ < \\(p\\i,s 

and 

•1 



\R<^{x,y) - R<^{x',y' 



{dip{ax + (1 — a)y) — dip{ax' + (1 — a)y')da 



so that 



< Mi^s / Hx - x') + (1 - a){y - y')\^da 

Jo 

< y^ilx - xr + \y - y'l') 

e^^^j = MY) - ipiY)Mj = WR^iY, Y)iY - Y)Mj 

< \\Rv{Y, Y)Mi\\Y - YMi + \\Ry^{Y, " ?lloo,/ 

< ll^lli,.r - YMi + \\Y- YMA\^Mi\\Y\\'^, + ||f 11^,,) 



< KM\i,sC'e 



YJ 



< KM\i,sC'yjeyj 

concluding: 

ez,i < KM\i,5Cx,iC'y^i{pi + T^'ey,/) (67) 

The general case in which ^ can be easily derived from Eq. ()67p and the continuity 
of the integral, giving: 

ez,i < KCx,iC'yj[{l + M\i,5)pi + T^'^vA- 

□ 

Using the notation in the proof of Prop. [7|we have 

Lemma 6. For any interval I = [to,to + T] C J such that T < 1 the following bound 
holds 

ez,i < KyhACljC^jPi + T'^CljCljeyj) + Ky - ^MCxjCl, (68) 
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Proof. To begin assume that = (p. Let W = ^p{Y), W = ^p{Y) and write their 
decomposition as 

with ly^^ = dM^TK'"^ ^'v^ = d^ifiryYl'' Moreover let 

e*w,i = \\W'- W'W^j +\\W'- W'\\s,,i + \\Rw + Rwh+sHi + \\W - W\\,j 
Using the bound we have 

\\Q-Qzh+5),<KiD^ + D,) (69) 

Di = Cx^wj 

D2 = {MY)\\nix,,,ii+s),),i + ll^(?)ll^(x,,,(i+.h),/)(ll^ - Xhi + IIX^ - 
< K\\iph,sCl,pi 

where we used eq. (001) to bound \\ip{Y)\\D{x,^,{i+s)-y),i and \\vO^)\\d{x -y {i+5)-y) i terms 
of Cy,i. 

By Prop. E] we have 

e*w,i < KM2,sCx,iCl+\\\X - X\\,j + e*y^j) < KM2,sCx,iClj{pj + e*y^j) (70) 

with 

e*yj = \\Y'- F'lU + \\Y'- Y'Ws, + \\Ry - Ryh+s), + \\Y-Y\\, 

and 

Ci = Kyh,sCx,iCl+/ 
Taking T < 1 we can bound ey ^ < eyj + \\Y — Y\\.yj and 

eyj < \\Y' - r'lU + \\Y' - Y'W^ + \\Ry - RyW^^ + Cx./ey,, + Cy^\X - ^^^^ 

where we used the following majorization for \\Y — VII7,/: 
\\Y - Y\\,j < \\Y'5X - Y'5X\\,j + \\Ry - Ry\\,j 

< \\Y' - f '||oo,/||x||^,, + (lir'lloo,/ + \\Y'\\oo,i)\\x - x\\,,i + \\Ry - RyU,I 

< Cx,I^Y,I + Cy,iPi 

(72) 

Eq. (fTTjl together with eq. (f7n|) imply 

ewj < KyhACxjC^jPi + CljCljeyj) 

and so 

WQz - Qz\\{2+sh < KCxew,i + Ky\\2,sCliPi 

< K{CxCi{l + 2Cy) + M2,5CIj)pi + 2KCiCleyj (73) 
<KM2,5{C'xC^pj + Cl,C^ey,j) 



CONTROLLING ROUGH PATHS 



41 



6z,7 = MY) - ^(r)lloo,/ + MY) - ^{Y)M ^\\Rz- R~zMi 

< |v9(Fo) - v{Yo)\ + 2||v^(F) - ^{Y)M +\\Rz- R~zh,,i 
Proceed step by step: 

\\d^{Y) ~ dv{Y)Mi < \dv{Yt,)-dif{Yt,)\+T^dv{Y)-dif{Y)M 

< Mks\Yu,-Yto\+T^Mks\\Y-y\ki 
<T^MksCx,ieY,i + 2M\2,sCY,iPi 

Next: 

\\Rz - RzMi < \\dv{Y)X^ - d^{Y)X''Mj + WQz - Qzh-y,i 

< WdifiY) - dip{Y)Mj{\\x^Mj + \\x^M,i) 

+ {\\d^{Y)Mi + \\dv{Y)\\oo,i)\\^^ - i^Mi 

+ T'^\\Qz~Qz\\(2+5HI 

< KMksipiClC^ + eY,iT'^C\Cl) 

and 

MY) - V{y)\ki < \\dv{Y)5X - d^{Y)5X\\,j +\\Rw- R^\ki 
<\\d^{Y)-d^{Y)\Uj{\\XM+\\XM) 

+ {\\d^{Y)Mi + W{Y)Mi)\\x - XM + T^WRw - RwMi 
+ 2||^||2,5||x-x||,,, + r^ 

< KMks{Cx,iCljpi + T^Cl^jCl,eY,i) 
finally we have 

ez,/ < KM2ACl^iChpj + T'^Cl^fil^eyj). (74) 
When 7^ 1^ rewrite the difference Z — Z as, 

Zt-Zt = Yt, - f„ + [\v{Y) - viY)]dX + fi^iY) - ^iY)]dX 

J to J to 

the contribution to ez,i from the first integral is bounded by Eq. (f7^ while the last integral 
can be bounded hy K\\Lp — (flksCxjCy j (cfr. Eq. pHjl ) giving the final result (fHHjl . □ 

A. 4. Proof of Lemma m 

Proof. Let B{u,r) = {w & T : \w — u\ < r}. Observe that by the monotonicity and 
convexity of ip for any couple of measurable sets A, B G T we have 



dtds 



<p{d{A,B)/4)ij-U / ij 



\Ast\ \ dtds \ 
Pid{t,s)/4)) ]A\\B\) 



<p{d{A,B)/4)ij 



\\A\\B\ 
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where d{A, B) = sup^g^^^^ 1^ ~ -^l- Let 

— f du f dv 

Take t, s & T, a = \t — s\, define the decreasing sequence of numbers A„ | as Aq = a, 
\n+i such that 

p{\n) = 2p(A„+i) 

then 

p{{Xn + An+i)/4) < p{Xn) = 2p(A„+i) 

= 4p(A„+i) - 2p(A„+i) 

= 4[p(A„+i) -p{Xn+2)]- 

Using eq. (f73jl and the fact that \B{t, Aj)| > Aj for every z > we have 
\R{t, A„+i, A„)| < p{{Xn + A„+i)/4)^-^ ^ 

< 4[p(A„,+i) -p(A„+2)]^ 



AnAn+1 

U 



-1 



An A 



<4/ V^-M^)rfp(r). 



Take a sequence {tjj^o variables in T and note that, for every n > 0, 
so that, by induction, 

n 

Average each tj over the ball B{t, Aj) and bound as follows 

n n 

R{t, 0, Ao) = R{t, 0, A„+i) + J2R{t, \) + Ai+i, A,) (76) 

where 

'B(t X- X ) [ I NR 

JB{t,x,+i) \B{t,Xi+i)\ JB(t,x,) \B{t,Xi)\ 

which, using ()5()|1 . can be majorized by 



|i?(t,A.+i,A,)| 



piK/2) < 4^-1 ( ^ ) [p(A,,+i) -p(A.+2)] 



<4 /^^^ r'[-,]dpir) 
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Then, taking the hmit as n — oo in Eq. (fTBj) . using the continuity of R and that 
Rtt = ^, we get 



|i?(t,0,Ao)| <^4 / ^ 

r-Ai r 

< 4 



'\i + 2 



dp{r) + 2J 4 / ^ 



dp{r) 



< 4 



dp{r) 
dp{r) 



(77) 



and of course the analogous estimate 



\R{s,0,Xo)\<4: 



t-s\ 



dp{r) 



Moreover 



Rst — Rsu + Ruv + Rvt + NRsut + NR. 



^uvt 



so 



I-Rsti < \Rsu\ + |-Ri,t| + \Ruv\ + sup |iVi?^rt| + sup \NRurt 

re[s,t] re[M,i] 

by averaging u over the ball -B(s, a) and f over the ball B{t, a) we get 

\t 



du 



B(s,a) \B{s,a)\ JB(t,a) \B{t,a)\ 



Aa? J 



dp{r) 



and 



/ 



du 



sup |A^-R„rt| <p{a/'2)i'' 



3{s,a) \B{s, a) I re[«,t] 
Putting all toghether we end up with 



< 



\t-s\ 



RJ < 10 



(ip(r) 



(ip(r) 



□ 
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